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The equation for  the unsteady boundary layer  at a porous wall is reduced with the help of three 
se r i e s  of pa ramete r s  to a universal  form not containing explicitly e i ther  the velocity a t  the outer  
edge of the boundary layer  or  the veloci ty of suction o r  injection. 

1. A general izat ion of the pa ramet r i c  method of Loi tsyaaski i  [1] to the case of a steady laminar  boundary 
l ayer  at a porous wall was per formed by Chan [2]. In the present  ar t ic le  a study is made of the unsteady lami-  
na r  boundary layer  with suction o r  injection, where the velocity Vw of suction o r  injection can be assigned in 
the genera l  case  as a function of time and of the longitudinal coordinate .  

In analyzing the excess  t r ansve r se  velocity component  v 1 
the s t r eam function ~ as follows: 

a, 
/ / - -  , U 1 - -  

Oy Ox 

Then the equation for  the unsteady laminar  boundary layer  in an incompressible  liquid in the presence of 
suct ion or  injection will be 

a~ a2~ 0~r + - -  _ _  

OtOg ag OxOg 

with the boundary and initiM conditions 

~b-~ a~ =-0 at 
ag 

ar 
- -  u 1 (x,  g) at 

ag 

= v - v w in the boundary layer ,  we introduce 

0, 

O* . 02~ + V~ 02~ --  UU' + U + v 0s@ (1) 
Ox (Sy 2 Oy 2 Oy 3 

(2) 
g = 0 ,  O, -+U(x, t) as y--~co, 

ag 

t= t0 ,  0 ,  -uo( t ,  y) at x = x  0 
ag 

(a part ial  der ivat ive with respec t  to the x coordinate is denoted by a pr ime and a partial  derivative with respect  

to time t is denoted by a dot).  

We introduce the new var iables  

B v B•(x, g, t) 
x = x ;  t - - t ;  ~1= ; , ( x ,  ~, t ) =  , (3) 

h (x, t) U (x, t) h (x, t) 

where h(x, t) is some as yet  a r b i t r a r y  charac te r i s t i c  l inear  scale of the t r ansve r se  coordinate in the boundary 
layer  and B is a normal iz ing constant .  Designating z = hU/v, we can reduce Eq. (1) to the form 

B 2 03r ~_(__~__ + Uz' O~r 
aT13 T ~ + zU' ~ - -  B an 2 

[ ( [ - -  ] - -  + zU' 1~ O~ + ( ]  z 1-- Og~ zU Oq~ 0~ O~ 02~ + z a~  (4) 
-Oq 0~1 OqOx Ox O~l ~ o~lOt 
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with  the b o u n d a r y  cond i t i ons  

a ~ l  as ~l--~or 0~ - 0  a: q = 0 ,  aq (5) 
q 0 -  an 

The cond i t i ons  w r i t t e n  in the l a s t  l ine  of (2), a s  u sua l  in the d e r i v a t i o n  of a u n i v e r s a l  equa t ion ,  a r e  not  taken 
into a c c o u n t  but  only  used  in the s o l u t i o n s  of p a r t i c u l a r  p r o b l e m s .  To u n i v e r s a l i z e  Eq.  (4) we in t roduce  into 
the a n a l y s i s  a m u l t i p a r a m e t r i c  f a m i l y  of v e l o c i t y  p r o f i l e s  in c r o s s  s e c t i o n s  of the b o u n d a r y  l a y e r  in the fo rm 

u _ u 01, [k., g~m, ),i.s) 
U U 

and the c o r r e s p o n d i n g  s t r e a m  func t ion  

Uh 
~P= -r f~ ,  gt~, L~s), k, tz, i, m, i, ] = 0 ,  1, 2 . . . . .  (0) 

B 

w h e r e  the t h r e e  s e r i e s  of p a r a m e t e r s  a r e  w r i t t e n  as  fo l lows [we a s s u m e  tha t  the func t ions  U(x, t ) ,  Vw(X, t) ,  and 
z(x,  t) a r e  a n a l y t i c a l ] :  

fk~ - -  U ~-I a k + ~ u  2k+~, (7) 
OxkOt ~ 

al+mz 
~lm : s l  - -  z l+m-1 

oxZat,~ , (8) 
I 

i+]-- ~ -  

)~ii = - -  Ux ai+i v~. z 
Ox~Oii 1 "~' (O) 

T h e s e  p a r a m e t e r s ,  which s u b s t i t u t e  fo r  the long i tud ina l  c o o r d i n a t e  x and the t ime  t,  r e f l e c t  the e f f ec t  on the 
c h a r a c t e r i s t i c s  of the b o u n d a r y  l a y e r  of the v e l o c i t y  in the o u t e r  s t r e a m  and the v e l o c i t y  of s u c t i o n  o r  i n j e c -  
t ion,  as  we l l  a s  the p a s t  h i s t o r y  of f low in the b o u n d a r y  l a y e r  ( through the quan t i t y  z and i ts  d e r i v a t i v e s ) .  With 
a r b i t r a r y  func t ions  of the v e l o c i t y  at  the o u t e r  l i m i t  of the b o u n d a r y  l a y e r  and the v e l o c i t y  of suc t i on  o r  i n j e c -  
l ion  and with an a r b i t r a t s ,  s c a l e  of the t r a n s v e r s e  c o o r d i n a t e  a l l  the p a r a m e t e r s  a r e  i ndependen t  of one a n o t h e r  
and a r e  h e n c e f o r t h  c o n s i d e r e d  a s  i n d e p e n d e n t  v a r i a b l e s .  Le t  us w r i t e  the v a l u e s  of the p a r a m e t e r s  with the 
i n i t i a l  i n d i c e s .  F r o m  (7)-(9) we wi l l  have  

fl0 = UtZ, f01 ="  g z, glO = U z ' ,  g01 : ~, 

l J s  G u G  Z V z  . �9 1/s  
= - - ,  = -  . .  - ,  , - o 1 = - ~  V - T  

(10) 

The p a r a m e t e r s  f00 = 1 and g00 = 1 as  c o n s t a n t s  a r e  not  t aken  into a c c o u n t .  We note tha t  the s i n g l e  p a r a m e t e r  
got = ~, which  is one of the p a r a m e t e r s  of (8), was used  in [3]. But the i n t r o d u c t i o n  of the full  s e r i e s  of p a r a m -  
e t e r s  g l m ,  i nc lud ing  the d e r i v a t i v e s  of the s c a l e  z with r e s p e c t  to both x and t,  a l lows  one to m a k e  m o r e  d e t a i l e d  
a l l o w a n c e  fo r  the p a s t  h i s t o r y  of flow in the b o u n d a r y  l a y e r  and thus to i n t r o d u c e  g e n e r a l i z a t i o n  into the s t a t e -  
m e n t  of the p r o b l e m .  We note tha t  in the e a s e  of s t e a d y  mo t ion  of the l iquid in the b o u n d a r y  l a y e r  wi thout  s u c -  
t ion o r  i n j ec t i on  one can  use s i m p l i f i e d  s e r i e s  (7) and (8) in the f o r m  

fk  = Uk-1 ak-U Z~, gl = U~ Ozl zl-1. 
Ox k ax  l 

We then w r i t e  the d e r i v a t i v e s  with r e s p e c t  to the long i tud ina l  c o o r d i n a t e  and t ime  as  fo l lows :  

k,n=O 1 ,m=O i,i=O 

X a af~ ' V W a agzm 2 a 
k,m:O l ,m:O i ,~=0 

ax 

a~j 
ot 

(11) 
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The de r iva t ives  of the p a r a m e t e r s  with r e s p e c t  to the coordina tes  a r e  found by d i r ec t  d i f ferent ia t ion of 
Eqs .  (7)-(9). We have 

ax Uz at z 

Ogtm _ K~,.(g~,,. ~1o)____ Og~m __ Ltm(gim' / o r )  (12) 
Ox Uz " at z ' 

az,~ M~(;~u, fro, g,o)__ Ozij ._ N ~ ( ~ ,  fo~, got) 
ax Uz a t  z 

whe re 

Dan (f~., gto) = (k - -  1) flo~hn -k (k + n) f~.,g;o H- fh+t,n, 

G .  (h~, go~) = (k - - l )  fodk~ + (k + n) fk~got + h,~+.  

Klm(gtm, flO) =/g,mfxo -k (I H- m - -  1) gtog,m -k g/+t,rn, 

Lt,n(gt~, ~ot) =/gtn]ot + it q- m ~ !) gotgtm + gt,,n+t, 

Mu(~'u, fro, gto) = ifto~'u + (i + ] +  1 ) 

Nu(L,,,  fo,. got)---- ifotXu-k ( i - k  ] + - -}- - )  goi~.u q- X,,,+r 

Using Eqs.  (10)-(13) we can  conver t  Eq.  (4) to the fo rm 

on ---, on anoM 
k,n, l ,m,i , ] :O 

( I'I 
a'cp ) Dk. 

(13) 

( 0 ~  O'(p &p &tp ) Kl,~ 
+ anah--~ an a,qag~ ag~ o,1 ~ 

( a~ a,qD a~ a'~ ) Mu ~ a,q~ Nu] . + a'~p . Ltm+ . . . .  
a,log~,, &l a,laLi~ a~. u an 2 arlaz,~j 

In the solution in genera l  f o rm the constant  in the equation should be taken as B = 1. 

conditions for  Eq. (14) will be 

3~ &p q g = : - - = 0  at ~1=0, - - - + 1  as T1--*o~, 
&l a~q 

qo=%(q) at gto = 2 ,  f hn=gw.~k~ l  = 0  

r 

Then the boundary 

(15) 

(in the l a s t  equal i ty  the p a r a m e t e r  g~0 is excluded f rom the s e r i e s  g/m); ~~ is the solution of the Blasius equa-  
tion for  the s teady  boundary l aye r  at  a p la te .  The equation and boundary conditions (14) and (15) are un ive r sa l ,  
s ince they do not contain in expl ic i t  f o rm the ve loc i ty  at  the ou te r  l imi t  of the boundary l aye r  o r  the veloci ty of 
suction or  injection. The integrat ion of the un iversa l  equation can be c a r r i e d  out as usual on a compu te r  by 
, ' s egments"  once and fo r  all  for  d i f fe ren t  values  of the p a r a m e t e r s  under considera t ion .  As a r e su l t  of the in- 
tegra t ion  one d e t e r m i n e s  the veloci ty  fields as well as the requi red  c h a r a c t e r i s t i c  functions of the boundary 
l aye r ,  pa r t i cu l a r ly  the reduced f r ic t ion ,  which is calcula ted f rom the equat ion ~(fkn, g /m,  M]) = 32~p/Sn21r}=o �9 

The "universa l"  functions obtained a re  used to solve a concre te  problem with ass igned dis t r ibut ions  of 
U(x, t) and Vw(X, t), although in doing this orte m u s t  d e t e r m i n e  the sca le  h(x, t). The choice and the means  of 
calculat ion of the c h a r a c t e r i s t i c  sca le ,  with obse rvance  of the condition h ~ 1/4-R-e, can be d i f ferent ,  genera l ly  
speaking,  although they have an impor tan t  e f fec t  on the accu racy  of solution of the p rob lem.  We note that the 
use fo r  this purpose  of the th ickness  5"* of m o m e n t u m  toss  o r  ano ther  quantity de te rmined  f rom some integral  
re la t ion and "following," as it w e r e ,  the deve lopment  of the boundary l a y e r  along the longitudinal coordinate  
and in t ime usual ly  leads to good resu l t s  in t e r m s  of the rapidi ty  of convergence  of the method.  

In the genera l  s t a t emen t  of the p rob lem under cons idera t ion  the introduction of the additional s e r i e s  of 
p a r a m e t e r s  g/m, as is seen,  f r ees  one f rom the use of in tegra l  equations in the der iva t ion  of the universa l  
equation, i .e. ,  in the f i r s t  s tage of the solution,  and the reby  allows one to obtain the un iversa l  equation in a 
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/ '  I 

\ . s - -  

-o,2 -2,,: ~ g~ 

F i g .  1. Dependence  of r e d u c e d  c o e f f i c i e n t  
of f r i c t i o n  and of the func t iona l  F on the 
p a r a m e t e r s  f~0 and k00 with a c o n s t a n t  va lue  
g01 = 0.1 fo r  f0~ = 0.1 and f01 = - 0 . 1 .  (All 
the q u a n t i t i e s  a r e  d i m e n s i o n l e s s . )  

new m o r e  c o m p l e t e  f o r m .  The n u m b e r  of v a r i a b l e s  i n c r e a s e s  in the p r o c e s s ,  h o w e v e r ,  which c o m p l i c a t e s  the 
i n t e g r a t i o n  of the " s e g m e n t "  of the equa t ion  u n d e r  c o n s i d e r a t i o n .  

2. L e t  us c o n s i d e r  Eq.  (14) in a l oca l  a p p r o x i m a t i o n ,  r e t a i n i n g  only  the f i r s t  f ive p a r a m e t e r s  (fro, f01, gl0, 
g0~, X00) and d i s c a r d i n g  t e r m s  c o n t a i n i n g  d e r i v a t i v e s  with r e s p e c t  to ni l  the p a r a m e t e r s ,  a s s u m i n g  them to be 
sm aI 1. 

We wi l l  have 

B 2 d3q ~ 
dTi 3 

],toq~@ glo q) gol@ Bkoo --  rio 1--  @ foi I - -  =0 ,  

d(p dq~ 
q~-- - - 0  at ~1=0, - - - + 1  as ~l-~-ce. 

dR dn 

tl 6) 

The r e s u l t s  of the i n t e g r a t i o n  of this  equa t ion  can  be used in an a p p r o x i m a t e  so lu t i on  of a p a r t i c u l a r  p r o b l e m  
(using s o m e  i n t e g r a l  e q u a t i o n  fo r  the b o u n d a r y  l a y e r )  f o r  the c a s e  of a r b i t r a r y  funct ions  U(x, t),  z(x,  t) ,  and 
Vw(X, t) .  H e n c e f o r t h ,  f o r  the p u r p o s e  of r educ ing  the n u m b e r  of p a r a m e t e r s  in the i n t e g r a t i o n ,  we wil l  e x p r e s s  
one of t h e s e  th rough  the o t h e r s  us ing  the m o m e n t u m  equa t ion ,  t ak ing  the t h i cknes s  5**(x, t) of m o m e n t u m  lo s s  
as  the s c a l e  of the p r o b l e m .  If we n e g l e c t  d e r i v a t i v e s  with r e s p e c t  to the p a r a m e t e r s ,  then it is  e a s y  to ob ta in  
the t r a n s f o r m e d  m o m e n t u m  equa t ion  in the p r e s e n c e  of suc t i on  o r  i n j ec t i on  fo r  h = 6** in the fo l lowing  f o r m :  

w h e r e  

B . ,  dR 
0 

The s u b s t i t u t i o n  of Eq.  (17) into (16) d e c r e a s e s  the n u m b e r  of p a r a m e t e r s  in the u n i v e r s a l  equa t ion  to fou r .  In 
th is  c a s e  Eq .  (16) changes  into the B l a s i u s  equa t ion  fo r  the b o u n d a r y  l a y e r  a t  a p la te  if one s e t s  fl0 := f0~ = g01 = 
;~0 = 0 and B = 9.47.  E q u a t i o n  (16 )wi th  a l l owance  f o r  (17) was i n t e g r a t e d  on a B ~ S M - 2  c o m p u t e r  by the t r i a l -  
run me thod  with i t e r a t i o n s  f o r  d i f f e r e n t  va lues  of the p a r a m e t e r s .  The c u r v e s  ob ta ined ,  s o m e  of which a r e  
shown in F i g .  1, i nd ica t e  tha t ,  both in r e g i o n s  of c o n v e r g e n t  and d i v e r g e n t  c h a n n e l s  and with a c c e l e r a t i o n  and 
s lowing  of the m o t i o n  with t i m e ,  suc t i on  (~'00 > 0) i n c r e a s e s  f r i c t i o n  but  d e l a y s  the s e p a r a t i o n  of  the b o u n d a r y  
layer, while injection (~-00 < 0) decreases friction but promotes the onset of separation. The dependence on the 

other parameters is identical to that which was presented in [3]. The results of the integration make it pos- 
sible to obtain a linear approximation of the functional F, valid for small values of the parameters, in the form 

F ---- a 1 + a2fio -}- aJoi ~, aagoi q- as~.oo, (18) 

w h e r e  a 1 = 0.44; a 2 = - 5 , 3 5 ;  a 3 = - 1 . 6 5 ;  a: = - 2 . 1 ;  a 5 = - 0 . 9 .  
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In the solution of a concrete  problem with assigned functions U(x, t) and Vw(X, t) the quantity z is found 
from Eq. (18), which with allowance for  Eq. (10) takes the form ( o . -  

Uz' - -  a4z = a~U' + a~ z V u  V-z  + a .  

From the equation obtained i t  is s imple  to find the values of the thickness of momentum loss and the r e -  

duced f r ic t ion ,  fo r  example ,  for an asymptot ic  profile of suction at a plate.  Taking v w = const  and z '  = z = U' = 

"U = 0, .we find 5"* = 0.49 (~/-Vw) and ~ = 0.47. An exact  solution gives 

8** = 0.5 ~ and ~ = 0,5. 
- - U  w 

In conclusion, we note that the effect  of nonuniformity and of unsteadiness of suction of the liquid in the 
boundary l aye r  can be brought out in the integration of the universal  Eq. (14) if the derivat ives with respect  to 
the pa rame te r s  kl0 and k01, respect ively ,  are  retained on the right side of the lat ter .  The discarding of pa ram-  
e te rs  containing one or  another  higher  der ivat ives  of the velocity at the o u t e r l i m i t o f t h e  boundary layer  and 
the veloci ty of suction or  injection with r e spec t  to the longitudinal coordinate and time, which is necessa ry  in 
the integrat ion of the universal  equation, prevents one from using this method in the case of periodic functions 
U(x, t) and Vw(X, t) with a high frequency of variat ion of the velocit ies.  

x) y 
t 

U 

Vw 
r 

H,V 
y 

h 
z = h2/y; 

F , H  

B 

fkn, g/re' ~-ij 

10 

2. 
3. 

N O T A T I O N  

are the longitudinal and t r ansve r se  coordinates  in boundary layer;  
is the time; 
is the dimensionless  t r ansver se  coordinate;  
is the velocity at outer  l imit  of boundary layer ;  
is the velocity of suction or  injection; 
is the s t ream function; 
is the dimensionless  s t ream function; 
are the project ions of velocity in boundary layer  on x and y axes, respectively;  
is the coefficient of kinematic viscosi ty;  
is the scale of t r ansver se  coordinate in boundary layer;  

are the cha rac te r i s t i c  functions; 
is the thickness of momentum loss;  
is the reduced coefficient  of fr ict ion; 
is the normalizing factor;  
are the dimensionless  pa rame te r s .  

LITERATURE C ITED 

L. G. Loitsyanskii ,  Mechanics of Liquid and Gas [in Russian], Nauka, Moscow (1973). 
Y. Y. Chan, Amer .  Inst. Aeronaut.  Astronaut .  J . ,  7, No. 3, 562-563 (1969). 
O. N. Bushmarin  and Yu. V. Saraev,  Inzh . -F iz .  Zh-., 27, No. 1 ,110-118  (1974). 

1210 


